A computer code to investigate the equilibrium and stability of a diffuse plasma in three dimensions is described that generalizes earlier work on a sharp free boundary model. Toroidal equilibria of a plasma are determined by considering paths of steepest descent associated with a new version of the variational principle of magnetohydrodynamics that involves mapping a fixed coordinate domain onto the plasma. A discrete approximation of the potential energy is written down following the finite element method, and the resulting expression is minimized with respect to the values of the mapping at points of a rectangular grid. If a relative minimum of the discrete analogue of the energy is attained, the corresponding equilibrium is considered to be stable.
Sharp boundary and diffuse plasmas
In magnetohydrodynamics the equilibrium and stability of a toroidal plasma with pressure p = pY and internal energy e = p/(y -1), confined by a strong magnetic field B, can be analyzed by means of a variational principle (1) (2) (3) (4) for the potential energy E = fff 2 + eP ]dxdX2dX3
In previous publications (5, 6) we have applied the idea of paths of steepest descent to this variational principle in order to develop a three-dimensional equilibrium and stability code for a perfectly conducting plasma bounded by a sharp free boundary inside which the current J = V X B vanishes. The problem was reduced to a question in potential theory. The purpose of the present paper is to extend the method to the physically more relevant but mathematically more difficult case of a diffuse plasma with J 5 0.
Numerical analysis of the variational principle, which we present in a new nonlinear formulation, is based on a simple version of the finite element method. The main idea is to introduce an artificial time parameter in terms of which partial differential equations can be stated that define a path of steepest descent for the potential energy E. In this way equilibria are determined that must be stable because the procedure only converges to relative minima of E. Each path of steepest descent is specified by transformations of a fixed coordinate domain that are related to conformal mapping and to the Lagrangian representation of the equations of magnetohydrodynamics.
The toroidal equilibrium of a plasma has an analogy with the question in hydrodynamics of vortex sheets and rotational flow such as occur, for example, in a smoke ring or a centrifuge. Our method serves to calculate the motion of an expanding vortex ring in its dependence on real physical time (7) . In this context, we believe that a mapping technique is preferable to methods based on tracing the motion of discrete vortices or currents, which lead to numerical complications in the time-dependent case and to prohibitive computational work in space of three dimensions.
The Lundquist equations of magnetohydrodynamics show that in a plasma the magnetic lines move with the fluid. An important consequence of this is the constraint that magnetic flux is fixed. In standard treatments of stability by the variational principle (1) a further assumption is made that the magnetic field is initially undisturbed. It is known that resistive effects giving rise to alterations of the magnetic topology that are suppressed by such an assumption have slower growth rates than the modes taken into account by the variational method. Our formulation, which is related to one of Kruskal and Kulsrud (3) , introduces a representation of the magnetic field B and the density p in terms of Jacobians which allows for more general perturbations partially circumventing the usual limitations of the energy principle. Variation of the independent variables The partial differential equations of magnetostatics are VB -0, Because the cube Q is transformed into a torus T, we have to require that the map functions xi, X2, and X3 be periodic in the variables u and v, so that
Correspondingly, s is supposed to be a single-valued function throughout T, say s = wv. The remaining flux function ;V can be multiple-valued, but it must satisfy periodicity requirements that comprise important flux constraints of the physical problem (3) . A simple version of these is obtained by putting
where X is periodic (single-valued). The factor is known as the rotation number of the magnetic field B, which is, of course, single-valued in T.
The relation B.Vp = 0 implies that the magnetic lines are real characteristics of the magnetostatic equations (2 where 1 is the large radius of a torus which becomes a cylinder in the limit as 1 -). Because of the ergodic constraint making p a function of s alone, we are free to impose on the transformation from the coordinates u, v, and s to r, 9, and z the important restric- There are no boundary conditions on 4' other than the toroidal periodicity requirements indicated above. (2) .
We propose to solve the magnetohydrodynamic boundary value problem for and f by considering paths of steepest descent associated with the minimum energy principle for E. Letting and f depend on an artificial time parameter t, we define an accelerated path of steepest descent by means of the pair of partial differential equations alo4tt + bl4't + cl4t + d4'1st + e4l't = At a2ftt + b2fut + c2fvt + d2fst + e2ft = F, whose form is motivated by the conjugate gradient, secondorder Richardson, and successive overrelaxation methods. The coefficients a1, b1, cj, and d1 are supposed to be determined so that the type of the artificially time-dependent system becomes essentially hyperbolic, while the ej serve to maintain descent. There are similar formulas governing the dependence of the magnetic axis functions ro and zo on the artificial time.
Our introduction of the hypothesis 0 = 2irv in formulating a boundary value problem for 4' and f in three-dimensional space makes a reduction to the axially symmetric case almost trivial. One has only to use the same equations, noting that r, z, and f, as well as the periodic (single-valued) term X in our specification of 4', should no longer depend on v. It is relatively easy to see that the axially symmetric problem is well posed. Whether the same is true of the three-dimensional version is a more subtle question about which some information can be gathered by performing numerical experiments with the iterative scheme of solution we have proposed.
The procedure we have outlined is also applicable to the situation where a vacuum V occurs between the plasma T and the wall S. In this case the flux surface s = 1 becomes a sharp free boundary separating the plasma from the vacuum. At s = 1 a partial differential equation of the first order is obtained for the boundary values of the dimensionless radius f that equates ft to the jump in P across the interface (6) . The limiting value of the density p at s = 1 need not vanish when a vacuum is present. Numerical analysis and applications The simplest version of the finite element method suggests a difference scheme to implement on a computer the variational principle we have formulated for the equilibrium and stability of a diffuse plasma. Let a rectangular mesh be laid down on the cube Q, and consider a discrete analog of the energy integral E obtained by summing second order accurate approximations of the integrand over all the individual mesh cubes. The approximation of the quadratic polynomials in first derivatives that occur is done with the proviso that squares are always performed before averaging.
A finite difference analog of the Euler equations for the variational principle is found by setting equal to zero all the partial derivatives of the discrete sum for E with respect to the values of ro, zo, 4', and f at the mesh nodes. An iterative scheme for the minimization of E is arrived at by writing down suitable finite difference approximations of the partial differential equations for a path of steepest descent that we expressed in terms of the artificial time parameter t.
The difference equations obtained by the finite element method have the advantage that they have a solution whenever the discrete representation of E has a true relative minimum. They thus meet compatibility requirements associ- To achieve adequate resolution, the parameters that appear in our method, such as the mesh sizes and the coefficients of the equations for a path of steepest descent, must be adjusted appropriately. In particular, since the energy E is a positive definite quadratic form in the first partial derivatives of 4', it is permissible to accelerate the convergence of 4 with advancing artificial time t more rapidly than that of f. There are also important input parameters describing the physics of the problem. For a realistic analysis of equilibrium and stability in the absence of a sharp free boundary of the plasma, the current J as well as the density p should be made to approach zero at the wall S.
The algorithm we have described has been coded for the The most obvious test for physical instability is to see whether the potential energy E decreases indefinitely with increasing artificial time, and, in particular, to determine whether it falls below its equilibrium value after appropriate perturbations have been made. Other indications of physical instability are systematic decrease in the Jacobian D or increase in Fourier coefficients of the solution. Such behavior is easily distinguished from mathematical instabilities of the numerical method, which tend to make E either oscillate or grow.
The truncation error of the difference scheme, which is analogous to higher order derivatives acting like artificial elasticity in the magnetostatic equations, may suppress physical instabilities with small growth rates. The tendency of the finite element method, which restricts the class of admissible functions in the minimization of E, is to impose constraints that raise eigenvalues and make equilibria appear to be more stable than they are in reality. Consequently it turns out that in a torus of aspect ratio A = 3 modelling a Tokamak we cannot expect to detect internal kink modes that might be of physical interest without excessive computation on the CDC 6600. For more practical applications we plan to develop a code that will combine the variational principle for a diffuse plasma with our earlier sharp free boundary version (6), which gave a better description of the physically relevant instabilities.
